Abstract. The quaternion is a natural representation of the magnetic moment of the fundamental particles. Under the hopf-fibration the parameter space of the quaternion separates into an intrinsic and extrinsic parameter space, and accounts for the intrinsic and extrinsic spin of the fundamental particles. The intrinsic parameter space is the global, geometric and dynamic phases which are presented in this article in full generality. The equivalence between the quantum and classical equations of motion is established, and the global phase of the quaternion is shown to be a natural hidden variable which deterministically accounts for the results of the Stern-Gerlach experiment.
In one of his many great discourses on the quantum theory the formidable thinker, John Stewart Bell, once proposed that the prevailing theories of modern physics relativity theory and the quantum theory are akin to two great pillars [1, ch 18] . It so follows that if modern physics were a great temple, these two pillars would be the supporting columns of the roof. In order for the temple to be structurally sound, both the construction and position of these pillars must exhibit an inherent harmony with respect to each other, and the temple itself. Should one or the other be out of sync, it undermines the structural integrity of the temple and the entire building could collapse.
Yet the fact remains that the great pillars of modern physics are in conflict with each other, as they are entirely incompatible. Relativity theory, which is a theory applied to the macroscopic bodies, planets, stars and so forth, is a deterministic theory -and declares that nature at her core is deterministic and that her laws are that of arithmetic, and geometry. The quantum theory, which is a theory applied to the microscopic bodies, atoms, electrons and so forth, is a non-deterministic theory -and declares that nature at her core is non-deterministic and that her laws are probabilistic, that the states of the fundamental particles are not defined a priori, but require observation by an observer to 'create' our familiar classical world. This rather unsettling position is tentatively accepted today, as it is professed that there exists somewhere a barrier, a dividing line if you will, between the quantum realm and our classical reality [2] . That is to say that the fundamental particles are believed to obey laws that differ from those of the classical bodies, and that observation is a necessary ingredient for the quantum particle to make the transition across the quantum-classical border. A perspective which is aptly summarized in the Copenhagen Interpretation of quantum mechanics.
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The Copenhagen Interpretation of quantum mechanics, is a probabilistic interpretation of deterministic equations, named after Danish physicist Niels Bohr who was among the principle proponents of this point of view. Among his supporters were Werner Heisenberg, Max Born, Wolfgang Pauli and John von Neumann. As with many concepts put forward by the quantum theory, a precise definition of the Copenhagen Interpretation is hard to come by. Nonetheless there is one aspect that is certain. "The key feature of the Copenhagen Interpretation is the dividing line between quantum and classical" [2] * The quantum-classical boundary, combined with the probabilistic interpretation, gives rise to the concept of the quantum superposition -that the state of the fundamental particle is not defined before measurement, rather -it is a field of potentialities, in which the particle exists in many instances at once -until the point of observation when the field collapses, to become an actuality, thereby creating the measured state.
The other main postulate of the Copenhagen Interpretation is Heisenberg's uncertainty principle, and together these are summarized as follows.
(i) Heisenberg's uncertainty principle: Complimentary observables (such as position and momentum) cannot be measured with absolute precision simultaneously, and the lower bound of precision is given by Heisenberg's uncertainty relation.
(ii) The principle of superposition: The quantum particle exists in a weighted superposition of all possible states until such a time as a measurement occurs, at which point the wave-function 'collapses' into the measured state.
Of these two aspects of the Copenhagen Interpretation, Heisenberg's uncertainty principle is the least challenged. This partly due to the fact that it is unsurprising that any measurement of a subatomic system will perturb the system itself, thus sequential measurements of complimentary observables lose their meaning since each measurement changes the system in some small way. The principle of superposition infers that "The laws of nature formulated in mathematical terms no longer determine the phenomena themselves, but ... the probability that something will happen" [3, pg 17] §. That is to say that quantum mechanics does not in any way describe the particle itself, it gives only the probability of an experimental result, the probability of finding the particle in a given state. That amounts to saying that the fundamental particles are not in themselves real, as the quantum realm is a world of potentialities rather than actualities. Only following an act of observation does the world of potentialities 'collapse' to create the particle's measured state.
"It is a fundamental quantum doctrine that a measurement does not, in general, reveal a preexisting value of the measured property. On the contrary, the outcome of a measurement is brought into being by the act of measurement itself, a joint manifestation of the state of the probed system and the probing apparatus. Precisely how the particular * Wojciech H. Zurek § Werner Heisenberg result of an individual measurement is brought into being -Heisenberg's 'transition from the possible into the actual' -is inherently unknowable. Only the statistical distribution of many such encounters is a proper matter for scientific inquiry." [4] * But how can a particle exist in many states at once? How can a statement like that be proven, is it an artificial construct, devised to explain away the unknown, or is it simply the way nature is at her core? How can we be sure we are not completely misguided in promulgating these concepts -I mean, what if "The appearance of probability is merely an expression of our ignorance of the true variables in terms of which one can find casual laws." [5, pg 114] †
The Copenhagen Interpretation certainly renders quantum mechanics a very uncomfortable place to study physics, as progress steam rolls ahead without concern for the gaping hole between the predictions of the theory and the results of experimental measures, and this gaping hole constitutes the measurement problem of quantum mechanics, "What exactly qualifies some physical system to play the role of 'measurer'? Was the wave-function of the world waiting to jump for thousands of millions of years until a single-celled living creature appeared." [6] § Appeals to reason are not well received, and this is best exemplified in the case of Schrödinger's cat, which -in an ironic twist of fate -is today used to explain the weird and wonderful world of quantum mechanics. In order to elucidate the staggering consequences of accepting the principle of superposition as an aspect of reality, Schrödinger proposed a thought experiment in which he had a sealed box which housed his cat. Inside the box is a poisonous gas set to be released upon the decay of a radioactive element. The apparatus is allowed to sit for a period of time, in which there is a 50% probability that the nuclear element decays, releases the gas, and kills the cat. Before the box is opened one does not know whether the cat is alive or dead, and according to the Copenhagen Interpretation we must declare that the cat is in a superposition of being alive and dead. Of course from the cat's perspective, he is either alive or dead, but from the quantum mechanic's perspective he is both alive and dead. That is of course, until the box is opened and the wave-function of the cat 'collapses' and he is found to be either alive or dead.
To the philosopher in the street the solution is obvious -there is something radically wrong with the quantum mechanic's perspective, as if they were making a mountain out of a molehill. But the quantum mechanic is unperturbed. Safe in the knowledge that the paradox is only apparent, and will be resolved by the quantum theory at some point down the road. In the meantime we have Everett's many worlds interpretation [7] which claims to do away with the quantum-classical border, as the wave-function of the universe is thought to branch at every point of observation, and in the case of Schrödinger's cat -when the box is opened, the universe branches into one where the cat is alive and one where it is dead. And its all just a bit too much, as we might as well Far from being just a "2-level quantum system", the qubit is a quaternion [11] . Applied to the unit quaternion, the hopf-fibration is a projection between the 3-sphere (S 3 embedded in R 4 ) and the 2-sphere (S 2 embedded in R 3 ). The 4-and 3-dimensional spaces are connected via the unit circle S 1 , which is fiber bundle consisting of the global, geometric and dynamic phases.
The 4th-dimension cannot be directly "seen" in 3-dimensional space, we can perceive only it's "shadows" -which are the intrinsic spin of the fundamental particles. In this article we demonstrate that the global phase of the qubit exhibits the required properties to formulate a deterministic theory of particle spin for both fermions and bosons.
The article is structured as follows. We begin by reviewing the present theory of particle spin according to quantum mechanics, and show that the origins of nondeterminism in the quantum theory is derived from the common use and acceptance of the Copenhagen Interpretation of the quaternion. We postulate that there is no scientific basis for this and that the present theory of particle spin rests on a Schrödinger's cat hypothesis, and is subsequently meaningless. In section 1 we review the fundamentals of the quaternion and introduce the cayley matrices. The hopf-fibration is defined in section 2, as are the closed form expressions for the extrinsic and intrinsic parameters of the quaternion. The geometric phase is defined by solving the equation of parallel transport for all closed paths on the 2-sphere, and we present the law of the quaternion. In section 3 it is shown that the hidden variables of quantum mechanics are the same hidden variables of classical mechanics. A numerical analysis of the global phase is presented in section 4, which prefaces the deterministic account of the Stern-Gerlach experiment in section 5.
Introduction
In quantum mechanics and quantum information theory the spin state of the spin-1 2 fermion is described using the Copenhagen Interpretation of the quaternion as follows; The qubit is expanded as a complex valued 2-vector |Ψ ∈ C
The co-efficients α and β are complex numbers which satisfy |α| 2 + |β| 2 = 1, and the basis vectors of the complex plane are chosen to represent the spin-up and spin-down states
This assignment of the basis vectors to the spin states of the fundamental particles is not exclusive in the quantum theory -as other variants do exist. For example; the basis vectors are also used to represent the horizontal and vertical polarizations of light {|H , |V } = { It is known from the Stern-Gerlach experiment that the spin states of the fundamental particles are mutually exclusive. The spin value of a particle is either spin-up or spin-down -never both. As a result the qubit (1) is interpreted as an equation which describes the probability of measuring a particle in either spin state. The coefficients of the qubit are known as 'probability amplitudes' as they describe the probability of a measured result being either spin-up or spin-down.
The Copenhagen Interpretation of the qubit employs the principle of superposition which states that the particle exists in both spin states at the same time until the point of measurement, when the superposition collapses to return the measured value with a probability P ↑ for spin-up and P ↓ for spin-down. This is the Schrödinger's cat hypothesis applied to particle spin and forms the present theoretical framework of the hypothesized quantum computer. Yet the fact remains that the qubit is not just a "2-level quantum system", the qubit is a unit quaternion. It is 4-dimensional. The origin of the notorious measurement problem of quantum mechanics is rooted in the Copenhagen Interpretation of the quaternion. This is the source of non-determinism in our natural sciences, and necessarily places the observer squarely in the center of the universe -there to assist nature in making up her mind by continuously collapsing the wave-function. The quantum mechanic maintains this superposition, acting as both the narcissist and voyeur. To remove any further ambiguity, we now detail a simple calculation to prove the qubit is a unit quaternion.
There are two orthonormal representations of the qubit |Ψ ± ∈ C 2 , denoted by the 'kets' |Ψ + = α β
, and |Ψ − = −β * α * , where α and β are complex numbers satisfying |α| 2 + |β| 2 = 1. The 'bra' representation of the qubit is the transpose conjugate Ψ + | = (α * β * ), and Ψ − | = (−β α). Consequently the qubit satisfies the orthonormal relations Ψ ± |Ψ ± = 1, and Ψ ± |Ψ ∓ = 0. The qubit is parameterized in terms of the 3 angles of the 3-sphere as
All 2 × 2 matrices in this form are unit quaternions, and they constitute the Special Unitary group of 2 × 2 matrices SU(2).
In quantum mechanics and quantum information theory the global and azimuthal angles are not studied. From the perspective of quantum mechanics they are hidden variables, and quantum mechanics as a physical theory is incomplete [9] . The remainder of this article is a detailed account of these hidden variables. †
The Quaternion
The quaternion was discovered in 1843 by William Rowan Hamilton [12] following his quest to generalize the description of 2-dimensional rotations in R 2 generated by the complex numbers C, to describe 3-dimensional rotations in a natural way [13, ch 11] .
The quaternions are a 4-dimensional 'complex' number which describe rotations in 3-dimensions, in full generality [14] . Containing 1 'real' and 3 'complex' components, the quaternions are isomorphic to vectors in R 4 in the same way that the complex numbers are isomorphic to vectors in R 2 . While the complex numbers C describe rotations in 2-dimensions, the quaternions C 2 describe rotations in both 4-dimensions and 3-dimensions [15] .
The hidden variables of quantum mechanics are found in the parameter space of the unit quaternion. The focus of this article is the derivation and analysis of the closed form solutions to the hidden variables of quantum mechanics. We show that the hidden variables of classical mechanics are the same hidden variables of quantum mechanics. While quantum and classical mechanics are both broad disciplines in their own right, a connection between them is established by recognizing that they are each rooted in two fundamental groups SU(2) and SO (3) . For the context of this article we define quantum mechanics relative to classical mechanics as analogous to the relationship between the SU(2) and SO(3) groups.
"Quantum Mechanics is to the Special Unitary Group of 2 × 2 matrices SU(2), as Classical Mechanics is to the Special Orthogonal Group of 3 × 3 matrices SO(3)."
The generators of both the SU(2) and SO(3) groups is the unit quaternion. In the SU(2) representation the quaternion is expanded in the basis of the 2 × 2 cayley matrices.
The Cayley Matrices are defined:
whereσ 1 is the identity matrix, i = √ −1 and
The cayley matrices are the natural basis matrices of the quaternion, and are here named after Arthur Cayley in honor of his many contributions to the development of pure mathematics and the quaternion. The cayley matrices have representations as 2×2 matrices in SU(2), and 4 × 4 matrices in SO(4), see Appendix A. For the scope of this article we need only consider the 2 × 2 form of the cayley matrices. The quaternion is the fourtuple expanded in the SU(2) cayley basis aŝ
The unit quaternions satisfy the Pythagorean law
The t-parameterized unit quaternions trace a path on the surface of the unit 3-sphere S 3 embedded in R 4 . In quantum mechanics the standard matrices used to describe the SU(2) group are the pauli matrices. These relate to the cayley matrices through multiplication by the complex number i as,
The choice of using either the pauli or cayley matrices is simply a choice of convention. Since the cayley matrices allow for a more compact notation we abandon the use of the pauli matrices in favor of this more efficient algebra. In so doing we recast the standard equations of quantum mechanics in terms of these operators. For the remainder of the text all vector quantities that we are dealing with are quaternions expressed in the SU(2) cayley basis * . This helps to clarify that all mathematical forms under study such as the hamiltonian operator and bloch vector are simply quaternions by another name. The different names that are assigned to each quaternion helps to identify its specific properties, e.g. the hamiltonian operator is a pure non-unit quaternion, and the bloch vector is a pure unit quaternion etc.
Let us define -at the outset -4 quaternions which will be of use throughout the text. The first of these quaternions is the unitary matrix. The remaining 3 quaternions are derived from the unitary matrix in different ways, these are the spinor (qubit), the hamiltonian operator and the bloch vector.
•Û (t): The unitary matrix is a unit quaternion whose initial state is equal to the identity matrixÛ (0) =σ 1
•Ψ(t):
The spinor is a unit quaternion with out singularities. It maps a subset of the 3-sphere, since it does not contain the poles, The polar angle always has a non-zero value θ(t) = nπ, for all t and n ∈ N.
The spinor extends from its initial stateΨ 0 via the unitary matrix
The hamiltonian operator is a pure quaternion †
•R(t): The bloch vector is a pure unit quaternion
In spherical polar coordinates the components of the bloch vector are
Taking the first derivative of the spinor (6) and substituting for the hamiltonian (7), we arrive at the Schrödinger equation.Ψ
Similarly by taking the first derivative of the bloch vector (8) and substituting for the hamiltonian (7), we arrive at the von Neumann equation.
The bloch vectorR (θ, φ) describes a path on the 2-sphere parameterized by the polar θ and azimuthal φ angles -these are the extrinsic parameters of the quaternion. The global phase is the intrinsic parameter, which is not explicitly present in the von-Neumann equation of motion, as it is a natural hidden variable. We will later show that the global phase is encoded in the S 2 path via the geometric and dynamic phases. From the von-Neumann equation (10) we recover the analytic forms of the extrinsic parameterṡ
The Hopf-Fibration and the Intrinsic Parameter Space
The hopf-fibration [16] [17] is the mapping between the 3-sphere and the 2-sphere,
The spinorΨ describes a path on the 3-sphere S 3 embedded in R 4 , while the bloch vector R describes a path on the 2-sphere S 2 embedded in R 3 . S 1 is a fiber bundle connecting the base spaces of the 3-sphere and 2-sphere. The components of the hopf-fibration are,
• S
3 : Base space; The unit spinorΨ(ω, θ, φ) describes the 3-sphere.
• S 2 : Base space; The bloch vectorR(θ, φ) describes the 2-sphere.
• S 1 : Fibration; The global phase e ı ω 2 describes the unit circle.
The spinorΨ(ω, θ, φ) is parameterized by the global, polar and azimuthal angles, aŝ
Under the hopf-fibration the global phase is 'curled up' as a natural hidden variable in
While the global phase is not explicitly present in the bloch vector as a parameter, it is encoded in the 3-D kinematics through the global, geometric and dynamic phases -it is implicitly present. In the following we derive the analytic forms of the intrinsic parameters.
The Global Phase
The closed form of the global phase is found from recasting the Schrödinger equation in its standard form.ΨΨ † =Ĥ
Equating the diagonal components of the above equation we immediately recover the closed solution to the global phase. The Global Phase:
The global phase is a function of the elements of the hamiltonian and bloch vector, and is a measure of the total anholonomy of the path. The global phase is a fiber bundle consisting of the geometric and dynamic phases, and parameterizes the S 1 fibration which describes the unit circle e ı ω 2 .
The Dynamic Phase
The dynamic phase is the integral of the expectation value of the hamiltonian over the closed path. The expectation value of the hamiltonian is the inner product,
We negate the factor of 1 2 in the definition of the dynamic phase, for reasons of convention. The Dynamic Phase [18] :
The dynamic phase bears a close resemblance to energy in the form of work for the path. For this duration we interpret the dynamic phase as the work-energy of the path.
Parallel Transport and the Geometric Phase
In the pioneering study of geometric phases in quantum mechanics it was shown, through an analysis of adiabatically evolving quantum systems under the adiabatic approximation, that the global phase of the spinor is the sum of the geometric and dynamic phases [19] . Immediately it was recognized that the global phase is a measure of the anholonomy of the spinor's S 2 path, and that the geometric and dynamic phases constitute the elements of a fiber bundle [20] . Here we have established that this is the S 1 fiber bundle of the hopf-fibration, connecting the S 3 and S 2 base spaces. The adiabatic approximation of the geometric phase is known as the "The Berry Phase", and has stimulated a wealth of theoretical and experimental investigations into this geometric fibration [21] . Today the Berry phase and related studies concern the definition of the geometric phase in the parameter space of the hamiltonian. In this article we define the geometric phase in the parameter space of the spinor, which is entirely different than current studies. The geometric phase is defined as the solution to the equation of parallel transport [22] for all closed paths of the 2-sphere generated by the unit quaternion.
The equation of Parallel transport is defined [23]
e a is the dual of e a , defined by e a · e b ≡ δ a b . The tangent vector is expanded in the tangent plane of the 2-sphere (see figure 1) ,
The tangent plane is the normalized basis of the partial derivatives,
From (17) and (18), the equation of parallel transport (16) is recast in the forṁ
Applied to the 2-sphere we obtain the coupled differential equations,
Therefore the tangent vector evolves from its initial state
where γ(t) is the geometric phase. The precession of the tangent vector (17) as it is parallel transported along a path in S 2 is illustrated in figure 1 . The Geometric Phase:
Shown is Cartesian frame { e i , e j , e k } and the bloch vector R which extends from the origin to the surface of the 2-sphere. The polar and azimuthal angles {θ(t), φ(t)} respectively define the orientation of the bloch vector. The tangent frame { e θ , e φ } maps the 2-dimensional surface of the bloch sphere. The tangent vector V, and tangent frame is parallel transported along the path (shown in white). The initial orientation of the tangent vector is V 0 and the final orientation is V. The angular difference between both is the geometric phase γ.
The Law of the Quaternion
Substitutingφ(t) from (11) into equation (20), we find γ(t) = t 0 dt ω −ξ , and we have established that the global phase is the sum of the geometric and dynamic phases. The Law of the Quaternion:
The law of the quaternion states that the S 1 fibration, the unit circle, is a fiber bundle consisting of the global, geometric and dynamic phases. The S 1 fibration is encoded in the S 2 path via the geometric phase. The global phase is a measure of the total anholonomy of the path, and the dynamic phase takes the form of the work-energy of the path. These hidden variables are the 4th dimensional shadows of the quaternion as seen in 3-dimensions. Equation (21) is a geometric principle of the unit quaternion, in the same sense that Pythagoras's theorem is a geometric principle of the right angled triangle. As with any right angled triangle, the square of the hypotenuse equals the sum of the squares of the remaining sides. For any unit quaternion, the global phase is the sum of the geometric phase and the dynamic phase.
Hidden Variables In Classical Mechanics
The global phase is a function of the elements of the hamiltonian and bloch vector, and is a natural hidden variable of the unit quaternion. Here we demonstrate that the global phase is also a natural hidden variable of classical mechanics. The bloch vector R(t) = R a e a is expanded,
The bloch vector traces a path on the unit 2-sphere S 2 , illustrated in figure 1 . The Special Orthogonal group of 3 × 3 matrices is the group of unit quaternions of the form
which satisfyÛÛ T =σ 1 . The bloch vector extends from its initial state as,
The SO(3) equation of motion is,˙ R =Ĥ R where the hamiltonian operator is defined *
The SO(3) hamiltonian operator is a skew symmetric matrix. SO(3) operators act on vectors in the same manner as the curl of the related 3-vector acts on a vector, i.e.
H(t) R(t) = H(t) × R(t). The classical equation of motion [24, pg 106],
The classical equation of motion is the SO(3) representation of the Schrödinger equation (9), and is composed of the elements of the hamiltonian and bloch vector. Since the global (14) , geometric (20) and dynamic phases (15) are functions of the elements of the hamiltonian and bloch vector, they are also the hidden variables of classical mechanics.
In Appendix C we derive the fictitious forces of classical mechanics from the unit quaternion. This is to compliment the derivation of equation (26) and shows that classical mechanics is fundamentally rooted in the unit quaternion. The implication of these calculations shows that it is possible, in principle, to extend the analysis provided herein to recast the entire algebra of classical mechanics, including Lagrangian and Hamiltonian mechanics, in terms of the quaternion [25] .
While the equations of classical mechanics govern the laws of 3-dimensional dynamics, it is seen through the lens of the quaternion that the laws governing our 3-dimensional reality are rooted in 4 spatial dimensions. This analysis is proof that the global phase is not only a natural hidden variable in quantum mechanics SU(2) but also a natural hidden variable in classical mechanics SO(3).
Numerical Analysis
We have shown that under the hopf-fibration
the quaternion (the spinor) separates into an intrinsic and extrinsic parameter space. The extrinsic parameter space is the 2-sphere S 2 described by the bloch vectorR, and the intrinsic parameter space is the unit circle S 1 described by the global phase e ı ω 2 . In this section we detail a numerical analysis of the intrinsic parameters. This section is divided into two parts.
Section 4.1: The global phase of all S
2 closed paths is discretized as ω = 2nπ, for n ∈ N. As the S 1 fibration is described by the unit circle, there are two possible values for the closed path e ı ω 2 = ±1, depending on whether n is even or odd. This property of the global phase is demonstrated and used to classify the S 2 paths.
Section 4.2:
The parallel transport of the tangent vector along the S 2 paths is graphically illustrated on the bloch sphere. We show how the global phase can be represented on the Möbius band, and we demonstrate the law of the quaternion (spinor) by plotting the S 1 fiber bundle over the course of the closed path.
The Global Phase of the Closed Path
All unitary matrices which satisfy the propertyÛ (0) =Û (2nπ), for n ∈ N generate closed paths. The global phase of all S 2 closed paths is discretized as ω = 2nπ. Since the S 1 fibration is described by the unit circle, there are two possible values for the closed path e ı ω 2 = ±1, depending on whether n is even or odd. As the global phase of the closed path is discrete, this allows a natural characterization of the path as fermionic or bosonic.
• Fermionic Paths: For odd values of n the S 1 fibration of the closed path is equal to minus one, e ±i ω 2 = −1. When the spinorΨ completes one closed loop of the S 2 path it acquires a minus sign and must complete a second orbit to return to its initial state. Since fermions require two rotations to return to their initial state, these paths are called the "fermionic paths". • Bosonic Paths: For even values of n, the S 1 fibration of the closed path is equal to one, e ±i ω 2 = 1, and the spinorΨ returns to its initial state on completion of one orbit of the path. Since bosons require one rotation to return to their initial state, these paths are called the "bosonic paths".
The global phase of the closed S 2 paths is discrete. To illustrate this property of the closed path we make use of two unitaries, one which generates exclusively "fermionic paths" and another which generates exclusively "bosonic paths". There are many choices of unitaries which satisfy these requirements, and for our purposes it suffices to consider, 
In figure 2 the global phase (14) is plotted as a function of the initial state {θ 0 , φ 0 }, for the fermionic unitary in (a) and the bosonic unitary in (b). It is seen that the allowed values of the global phase of the fermionic unitary are ±2π, ±6π, which are labeled f
, and the allowed values of the bosonic unitary are 0, ±4π, which are labeled
The 'fermionic' spinor (27) corresponds to a spin-
particle with 4 allowed spin states. The 'bosonic' spinor (28) corresponds to a spin-1 particle with 3 allowed spin states. Using this picture to interpret spin physically, it is seen that a change in spin state corresponds to a change in initial state. Consequently for an ensemble of particles, a distribution of spin states corresponds to a distribution of initial states. In this way the intrinsic spin is described deterministically, and is understood as the 4th-dimensional shadow of the spinor. * * The plots of the global phase as a function of the initial state are discrete. The planes of the plot are separated by the singularities which are found when the path of the spinor meets the pole of the While the classification of the fermionic and bosonic paths is useful, it does not immediately lead to a full classification of the integer and half-integer spin particles. Here we provide an additional detail on the unitary matrix to show that there are many questions to be answered before a formalism based on the quaternion can be fully extended to describe the fundamental particles. As we have shown, the unitaries can produce exclusively bosonic or fermionic paths as seen in figure 2 , and as we now show they can produce a mixture of both -here referred to as mixed unitaries. However, the fundamental particles are not known to exhibit both bosonic and fermionic statisticsit is either one or the other. Absent any experimental evidence to the contrary -this lends to the suggestion that further development of the theory of spin derived from the quaternion is required. The mixed unitary we consider is taken from the product of the fermionic and bosonic unitaries of equations (27) and (28),
The global phase of the closed path according to (29) is shown in figure 3 (a) as a function of the initial state. The global phase (a) exhibits both bosonic and fermionic statistics since it takes the discreet values 0, ±2π, ±4π, ±6π, ±8π. For completeness the dynamic phase of the closed path is shown in (b), and it is observed as a smooth continuous function. In this section we have shown that the parameter space of the quaternion contains the essential properties that are required to formulate a deterministic theory of particle spin. By interpreting the global phase as encoding the intrinsic spin, we have seen that a distribution of spin states is analogous to a distribution of initial states. From the perspective of the quaternion: the spin state of the particle is given before measurement.
2-sphere. When the initial state is infinitesimally changed, the path of the spinor moves infinitesimally to the left or right of the pole, and there is a transition from one plane to another. Interpreting the global phase as the measure of the intrinsic spin, this corresponds to a change in spin state. 
While this picture is most certainly useful it is far from complete, as we have shown that there are unitaries which give both bosonic and fermionic statistics.
Absent any evidence for the existence of complex molecules which exhibit both bosonic and fermionic statistics, the mixed unitary (29) simply shows that there is plenty room for exploration and development of a deterministic theory of particle spin based on the mathematical algebra of Hamilton's quaternions.
The Intrinsic Parameters and the Möbius Band
When the spinor is viewed in R 3 under the hopf-fibration, the 4th-dimension is 'rolled up' in the S 1 fibration which describes the unit circle e i ω 2 . As the bloch vector follows the S 2 path, the spinor rotates around an internal axis. The rate of rotation is given by the global phase. This internal rotation is easily represented on the Möbius band, which is parameterized by the global phase ω and the 'time' t.
The Möbius band: 
where t ∈ [0, 2π], l is the half-width of the band and R is the mid-circle radius.
In figures 4 and 5 the S 2 path of the spinor (5) is shown for the unitaries (27) and (28) . In the upper row of figures 4 and 5, the geometric phase (20) is graphically illustrated via the parallel transport of the tangent vector (17) , whose color ranges from a dark red to gold as it progresses along the closed path.
The middle rows of figures 4 and 5 are the Möbius band representation of the S 1 fibration. It is seen that in the case of the fermionic paths, the Möbius band has 1 halfturn in 4(a) and (b), and 3 half-turns in (c). Two orbits of the fermionic Möbius band are required to return to the initial state. For the bosonic paths the Möbius band has 1 full-turn in 5(a) and (c), and has no turns in (b). One orbit of the bosonic Möbius band is required to return to the initial state. The lower rows are plots of the S 1 fiber bundle, which consists of the global phase (14) , the geometric phase (20) and the dynamic phase (15) . The initial states are listed in the figure captions.
In this analysis we have demonstrated that the global phase of the S 2 closed paths is discrete. The discretization of the global phase allows a natural characterization of the S 2 paths as fermionic or bosonic. The S 1 fibration is a measure of the total anholonomy of the S 2 path, and tells us where we are "globally" on the 3-sphere. Conceptually the spinor can be thought to rotate around an internal axis. This rotation is represented on the Möbius band and is here interpreted physically as encoding the intrinsic spin of the fundamental particles. We have shown the S 1 fibration is encoded in the S 2 path via the geometric and dynamic phases, and demonstrated the law of the quaternion (21).
The Global Phase and the Stern-Gerlach Experiment
The Stern-Gerlach Experiment is one of a number of significant experiments performed in the late 19 th and early 20 th century on microscopic particles, whose results were unable to be accounted for by the classical mechanics of that era. The experiment of Stern and Gerlach [26] demonstrated that fundamental particles on the atomic scale possess an intrinsic angular momentum which takes discrete values, as they showed that an unpolarized beam of silver atoms, passing through an inhomogeneous magnetic field splits into two allowed spin states, spin up and spin down.
Prior to the experiment the magnetic moment of the silver atom was expected to be attracted/repelled by the inhomogeneous magnetic field in a manner analogous to a weightless bar magnet, which would result in a Gaussian distribution with a maximum along the axis of propagation. The surprising result that the beam of silver atoms splits into two distinct paths, demonstrated that the silver atom possessed an intrinsic spin. It was later established that intrinsic spin is an inherent property of the fundamental particles, as an analysis of the fine structure of atomic spectra [27] showed that the electron itself possesses an intrinsic spin, having two allowed intrinsic spin states, spin up and spin down.
In the following we account for the results of the Stern-Gerlach experiment, by interpreting the global phase of the spinor as encoding the intrinsic spin. In so doing we make a fundamental assumption: the magnetic moment of the silver atom is 4-dimensional and its precession is correctly described by the quaternion. To begin we outline the experiment in section 5.1 and offer an interpretation of the results using the global phase in section 5.2. Thereafter we propose an adapted version of the SternGerlach experiment to quantify the accuracy of the experiment, in section 5.3.
The Stern-Gerlach Experiment -Outline
Absent a translation of the original article [26] , we follow the description of the SternGerlach experiment given by J.J. Sakurai in the opening chapter of his book [28] , and adapt it suitably for our purposes. A Stern-Gerlach apparatus is an inhomogeneous magnetic field which is produced by a pair of pole pieces, one of which has a very sharp edge. Stern-Gerlach experiment:
• Silver (Ag) atoms are heated in an oven. The oven has a small hole through which some of the silver atoms escape. The beam of silver atoms goes through a collimator and is then subjected to an inhomogeneous magnetic field produced by a pair of pole pieces, one of which has a very sharp edge (Stern-Gerlach apparatus).
• The silver atom is made up of a nucleus and 47 electrons, where 46 out of the 47 electrons can be visualized as forming a spherically symmetrical electron cloud with no net angular momentum. To a good approximation, the heavy atom as a whole possesses a magnetic moment equal to the spin magnetic moment of the 47 th electron.
• Adaptation: The magnetic moment of the heavy atom is 4-dimensional, described by a unit spinor which admits only two allowed values for the global phase of the closed path, f
The direction of propagation of the silver atoms is along the e i axis, since the north and south poles of the 2-sphere are singularity points which are located on the e i axis.
• The atoms in the oven are randomly orientated, i.e. they have random initial states {θ 0 , φ 0 }.
• Adaptation: The inhomogeneous magnetic field measures the total magnetic moment of the silver atom, which consists of an intrinsic and extrinsic magnetic moment. Measurement of the intrinsic magnetic moment (the global phase) causes the splitting of the beam into an f For the purposes of this analysis we assume that the magnetic moment of the silver atom is adequately described by the unitary,
In figure 6 is the global phase of the closed path, as a function of the initial state {θ 0 , φ 0 }.
It is seen that for 0 < φ 0 < π the spinor is in a f − 1 2 spin state, whereas for π < φ 0 < 2π the spinor is in a f 1 2 spin state. We utilize this unitary to account for the results of the Stern-Gerlach experiment.
The Stern-Gerlach Experiment -Spinors
In the Stern-Gerlach experiment the beam of silver atoms is allowed to pass through an arrangement of 3 Stern-Gerlach apparatus'. The alignment of the inhomogeneous magnetic fields of the first and third apparatus are parallel, whereas the alignment of the second apparatus is perpendicular to the first and third.
• The inhomogeneous magnetic fields of the first and third Stern-Gerlach apparatus is aligned along the e k direction. The second Stern-Gerlach apparatus has an inhomogeneous magnetic field aligned along the e j direction, and the direction of propagation is the e i direction. *
• The beam of silver atoms is allowed to pass through the first inhomogeneous magnetic field and separates into two beams f • The f • Key Point: The second inhomogeneous magnetic field is shifted by an angle of π 2 relative to the first. Therefore it follows that the initial state of the spinor is shifted by an amount φ 0 = φ 0 − π 2 . As a result, the initial values of the blocked and allowed states are also shifted by φ 0 = φ 0 − π 2 , as illustrated in figure 6 (b) . The figure shows that from the perspective of the second Stern-Gerlach apparatus, the intrinsic spin of the incoming beam is composed of both spin up and spin down states.
• The beam of silver atoms that enters the second Stern-Gerlach apparatus, now splits into an f beam is allowed to pass through a third Stern-Gerlach apparatus, where the inhomogeneous magnetic field is aligned along the e k direction.
• We expect that the beam emerging from the third Stern-Gerlach apparatus to be entirely spin down f
. What is reported however, is that the beam splits into two beams of f it would be reasonable to assume that experimental error and spin flips would account for the observed discrepancy. In the next section we propose an adaptation of the Stern-Gerlach experiment to help quantify the accuracy of the experiment.
The Stern-Gerlach Experiment -Proposal
Since we are not privy to the weighting of the third beam, let us propose briefly an experimental measure that may help to shed some light on the issue. Experimental Proposal:
• We consider an arrangement of three Stern-Gerlach apparatus', where in the first instance the inhomogeneous magnetic field of all three apparatus' is aligned along the e k direction.
• The f 1 2 beam emerging from the first apparatus is blocked whereas the f − 1 2 beam is allowed to pass through the second apparatus.
• The f • The beam emerging from the third apparatus is measured to determine the weighting of the final f • The experiment is repeated as above, where the alignment of the second inhomogeneous magnetic field is now rotated by an angle δ about the e i axis.
• The angle of the second Stern-Gerlach apparatus is incrementally rotated (e.g. by an amount δ = π 20
) at the beginning of each run, until the inhomogeneous magnetic field is aligned along the e j direction, as it was in the original experiment.
The weighting of the final beam is documented for each run. Since we expect the final beam to be entirely f − 1 2 , this provides a useful metric from which one can deduce the accuracy of the experiment. The data acquired from the experiment described above will help to establish the validity of using Hamilton's quaternions to describe the dynamics of the fundamental particles. Pending the results of the above experiment, this proves that the magnetic moment of the fundamental particles is 4-dimensional.
Conclusions
The global phase (14) is the 4th-dimensional shadow of the quaternion and a natural hidden variable of both quantum mechanics, and classical mechanics. The global phase parameterizes the S 1 unit circle which is a fiber bundle (21) consisting of the global, geometric and dynamic phases connecting the base spaces of S 3 and S Interpreted physically, the global phase describes the intrinsic spin of the bosons and fermions. The global phase accounts for the results of the Stern-Gerlach experiment deterministically; and exhibits the properties required to develop a complete and deterministic account of spin for both the integer and half-integer spin particles, in a natural way.
The quaternion is the general description of all "2-level quantum systems" found in quantum mechanics, describing everything from the kinematics of spin particles, to the hidden variables of the qubit in the quantum information sciences, to quantum tunneling, self-trapping and the density dynamics of a Bose-Einstein condensate in the double well [29] . In the quantum theory, the square magnitude of a complex number is believed to describe the probable result of an experimental measure. In the mathematical sciences there is a contrasting viewpoint; the magnitude of a complex number and the magnitude of a quaternion corresponds to the length measure of the respective 2-and 4-dimensional vectors. Recognizing the quaternion as the deterministic geometric object it is -the probabilistic interpretation of particle spin prescribed by the quantum theory is deemed inadequate, as -a deterministic theory of particle spin is available using the full parameter space of the quaternion. For lower dimensional systems that are described by the complex plane C, it has been shown that a precise description of particle trajectory [30] is available using the DeBroglie-Bohm Pilot Wave theory [31] . These and related approaches completely remove indeterminism as the only degree of freedom is found in the initial state. As the mathematical algebra of the complex numbers C n is continually developed it will inevitably lead to a natural physical interpretation of the intriguing results of Young's Double Slit Experiment [32] .
The laws governing our 3-dimensional reality -according to classical mechanicsare seen to be rooted in 4-spatial dimensions via the quaternion. This is conclusive evidence that reality as we know it is not limited to 3-dimensions, at the very least reality is 4-dimensional and according to the hopf-fibration extends as 2 n -dimensional. The multidimensional nature of reality has been revealed to us via the parameter space of the unit quaternion. "We claim that Hamilton's conjecture, ... the concept that somehow quaternions are a fundamental building block of the physical universe, appears to be essentially correct in the light of contemporary knowledge." [33] *
Outlook
In Maxwell's Treatise on the Electromagnetic Field [36] , he originally formulated his field equations using the quaternions. Maxwell's equations, as we know them today, were simplified by Heaviside et al. for practical purposes. Today the connection between the true Maxwell's equations and the quaternion is not as well known. However, now that we are armed with the knowledge of the intrinsic parameter space of the unit quaternion it would serve greatly to revisit Maxwell's original treatise, with an aim to uncover the consequences of these parameters for the Electromagnetic Field, see Appendix A.
According to the Adams theorem, the extensions of the hopf-fibration are limited to [37] ,
Where the unit circle S 1 describes the 1-sphere, the unit quaternion S 3 describes the 3-sphere, the unit octonion S 7 describes the 7-sphere, and the unit sedenion S 15 describes the 15-sphere.
The generalization of the hopf-fibration to dimensional spaces beyond the quaternion has already captured significant attention for its potential power in characterizing mixed and entangled quantum states [38] [39] [40] . However, the extension of this work beyond the quaternion is a formidable task, as little is known about the hyper-complex numbers, the octonion and the sedenion. They are not only noncommutative but non-associative and also forbid square matrix representation. As long as the closed form representations of these groups remains unknown the extension of this work to the octonion and sedenion remains intractable. Efforts would be best served in mastering the unit quaternion, and above all else, the consequences and physical implications of the hidden variables for the Electromagnetic Field is highly sought [41] .
"The present system of Quantum Mechanics would have to be objectively false, in order that another description of the elementary processes other than the statistical one be possible." [34, pg 55] * In light of the fact that the qubit is a unit quaternion -and given that the Copenhagen Interpretation of the quaternion has no place in any physical theory purporting to describe physical reality -we conclude that quantum mechanics is not only incomplete [9] but observably inadequate as there are indeed hidden variables unaccounted for by the theory. The hidden variables of quantum mechanics are found in the parameter space of the unit quaternion. "You believe in the God who plays dice, and I in complete law and order in a world which objectively exists ... Even the great initial success of quantum theory does not make me believe in the fundamental dice-game ... No doubt the day will come when we will see whose instinctive attitude was the correct one." [35, pg 149 (Sept. 7th, 1944) 
] †
We have shown that the present theory of particle spin -as per quantum mechanics -amounts to no less than a Copenhagen Interpretation of the quaternion -as it is a Schrödinger's cat hypothesis with it's foundations built upon the principle of superposition. Recognizing that this is a flawed logic it follows that all theoretical * John von Neumann † Albert Einstein proposals based on the present quantum mechanical theory of spin -such as the quest to build a quantum computer -are entirely unfeasible.
Quantum mechanics is the singular scientific discipline endorsing the Copenhagen Interpretation of the quaternion, and the probabilistic interpretation of the complex numbers. The shortcomings of this line of reasoning has been emphasized since 1935 until modern times, yet progress in the field continues unabated, producing countless "developments" in the house of cards that is the mathematical algebra of quantum mechanics. And should a balance sheet be drawn up on what the quantum theory actually says about the nature of reality, you can bet your bottom dollar the results would be inconclusive, open to interpretation and observer dependent. It is a well known fact -and one easily verified by experiment; Ask 2 quantum mechanics the same question and you will get 3 different answers. "It's a bad sign in particular that those physicists who are happy about quantum mechanics, and see nothing wrong with it, don't agree with each other about what it means" * [7] .
The good news is that the complex numbers and the quaternion are both very well known to modern science, and are used every day in computer vision, robotics, computer graphics, virtual reality, and related fields. While the known applications of the quaternion are very broad, they are tastefully confined to use in good old classical devices, in a classical world, that rely on classical Boolean logic. One interesting means of independently adjudicating the mathematics of quantum mechanics -and in particular the probabilistic interpretation of the complex numbers and the quaternion -is to have professional researchers who are experts in the applications and mathematics of the complex numbers and the quaternion referee the entire field of quantum mechanics. This would facilitate achieving two objectives. Firstly that all misuses of the quaternion promulgated by the quantum theory would be acknowledged and accounted for. Secondly that all errors and inaccuracies related to the Copenhagen Interpretation of the quaternion be expunged from the theory -safe for the quantum theory expunging itself.
The phenomenon of entanglement and the associated concept of non-locality is one of the most novel and intriguing aspects of the quantum theory. This analysis is immediately applicable to the separable states and can in principle be extended to describe the entangled states, see Appendix F. To conclude we offer a quaternion's perspective of the phenomenon of entanglement and non-locality.
"It has been argued that quantum mechanics is not locally causal and cannot be embedded in a locally causal theory. That conclusion depends on treating certain experimental parameters, typically the orientations of polarization filters, as free variables. ... But it might be that this apparent freedom is illusory. Perhaps experimental parameters and experimental results are both consequences, or partially so, of some common hidden mechanism. Then the apparent non-locality could be simulated." [1, ch 12] † * Steven Weinberg "Why Quantum Mechanics Might Need An Overhaul" Science News (link). † John Stewart Bell Entanglement, and the bipartite entangled state is described by the SU(4) group, which spans the 16-dimensional basis of the Dirac gamma matrices. In experiments involving the maximally entangled spin pair, 2 seemingly separate particles are demonstrated to exhibit "non-local" correlations. The 2 "separate" particles are the 16-dimensional "shadows" of the entangled state -when the quantum state is observed in 3-dimensions there is an appearance of two spatially separated particles. The perception of two distinct and separate particles is an illusion, derived from looking at a multidimensional object from a 3-dimensional perspective -this gives the impression of a non-local connection between the seemingly separate particles. We must necessarily recognize that what appears as two separate particles is in fact one and the same multidimensional object. The appearance of "non-locality" is due to looking at a multidimensional object from a 3-dimensional perspective; Non-locality is a 3-dimensional illusion.
"That the guiding wave, in the general case, propagates not in ordinary three-space but in a multi-dimensional configuration space is the origin of the notorious 'non-locality' of Quantum Mechanics." The quaternion is expanded in the left and right cayley bases respectively aŝ
The left and right isoclinic quaternions are commutative,
The isoclinic decomposition of SO (4) is,
The components of the magnetic field and electric field are respectively defined
The covariant and contravariant forms of the electromagnetic field tensor are respectively
Appendix B. The special orthogonal group of 3 × 3 matrices SO(3)
The special orthogonal group of 3 × 3 matrices SO(3) is defined bŷ
The elements of the hamiltonianĤ relate to the electric and magnetic field components as
The hamiltonian in SO (3) is given bŷ
Alternatively, the elements of the hamiltonianĜ relate to the electric and magnetic field components as
The Lie algebra so(3) of the group SO(3) is spanned by the 3 matriceŝ
The commutation relations among these generators are
The spinorΨ is expressed in terms of the Lie generators aŝ
where, c (•) = cos (•) and, s (•) = sin (•).
Unless otherwise stated all basis vectors are t-parameterized (we reserve the use of the indices i, j, k for the Cartesian frame), and we omit to include the parenthesis '(t)' to assist with the efficiency of this presentation. The use of the notation 'e' is to signify that the basis vectors are normalized. The dual vectors {e 1 , e 2 , e 3 } of the Non-Inertial frame are defined with respect to the basis vectors, so that
is satisfied for all t. The krönecker delta function, δ a b , is equal to 0 when a = b, and 1 when a = b.
The metric and inverse metric of the Non-Inertial frame is the dot product,
Since the basis vectors are normalized the diagonal entries of the metric are all equal to 1. In most cases, the tangent space of surfaces in R 3 have a metric equal to the identity, however asymmetric surfaces, such as the oblate torus, have a coupled tangent space and the off diagonal terms are non-zero. In such cases the covariant and contravariant vector components differ and they are related through the metric tensor. For symmetric surfaces such as the 2-sphere the covariant and contravariant vector components are the same.
Vectors are expanded in the basis and the dual as,
We employ the use of Einsteinian notation where repeated indices are summed over. V a are the contravariant vector coefficients, and V a are the covariant vector coefficients. Indices are raised and lowered via the metric tensor and its inverse,
The differential change of the basis (dual) vectors with respect to the parameter t is expanded as a linear sum of the basis (dual) vectors a t, In Appendix D we utilize the differential form in the derivation of the well known moving frames, the Darboux and Frenet-Serret frames. For completeness, and to show that this analysis is readily integrable into the standard algebra of differential geometry, we have included a discussion of the Affine Connection, the Covariant Derivative and Riemannian Curvature Tensor in Appendix E.
The derivative of the vector V is expanded via (C.2) as,
We wish to maintain a standard of flexibility in our notation to illustrate clearly the relationship between the unit quaternion, differential forms, and operators and vectors in SU(2) and SO(3). The differential forms are the elements of a skew symmetric matrix, and we aim to express this operator in a manner analogous to the hamiltonian operator in SO(3) of equation (25) . In order to do so we reduce the indices of the differential forms via,
abc is the Levi-Cevita symbol, which is equal to 1 when the indices are ordered, and equal to -1 when the indices are anti-ordered (0 otherwise). This definition permits an accessible flexibility between matrix and vector notation.
Maintaining the flexibility of our notation, the derivative of the vector in equation (C.3) is cast into the familiar vector equation,
The square brackets [ . . . ] lf , are to denote that the expression within the parenthesis is to be treated as a vector equation in the Cartesian frame, and upon removal of the square brackets the vector is expanded in the local non-inertial frame (lf). The square brackets [ . . . ] cf is to denote that the expression in the parenthesis is expanded in the Cartesian frame. The second derivative of the vector V is in component form,
Reducing the indices as before, allows the above two equations to be combined into a single vector equation yielding the familiar fictitious forces of classical mechanics [24,
where,
•˙ A × V : 'The Euler Force'
• 2 A ×˙ V : 'The Coriolis Force'
This exercise has shown that the unit quaternion (23) is the foundational structure of classical mechanics.
Appendix D. The Darboux and Frenet-Serret Frames
Differential geometry is the study of curves and surfaces [44] , and as a mathematical tool it is the most significant resource available for the study of spinors [45] . In this section we outline the theory of moving frames (developed in the previous section) as applied to the pure spinor and the 2-sphere. We detail three of the most well known moving frames, which can be used to dissect the properties of the spinor's path as viewed under the S • The Darboux-Surface Frame: { e θ , e φ , e n }.
The Darboux-Surface frame is a natural moving frame constructed on a surface. It consists of the tangent plane { e θ , e φ }, which is the normalized basis of the partial derivatives, and the surface-normal e n , which is the normalized cross product of the tangent vectors.
• The Darboux-Curve Frame: { e n , e T , e N }. The Darboux-Curve frame is a moving frame which is defined with respect to both the curve and the surface. It consists of the normalized tangent vector to the curve e T , the surface-normal e n , and the tangent-normal e N which is the normalized cross product of the tangent and surface-normal vectors.
• The Frenet Serret Frame: { e F , e T , e B }. The Frenet-Serret frame is the moving frame defined with respect to the curve. It consists of the unit force vector e F , the tangent vector e T , and the bi-normal vector e B . The unit force vector points to the center of force, and is given by the normalized derivative of e T . The bi-normal vector is the normalized cross product of the tangent and force vectors.
For the purposes of brevity we define the scalar velocity of the bloch vector at the outset of this discussion. This is to be used in the definition of the tangent vector. and the tangent vector is defined,
In their explicit form the remaining basis vectors of the moving frames are given by,
The connection matrices of the moving frames are expanded according to (C.1), Darboux-Surface Frame:
where the differential forms are given by (C.2),
We have presented the moving frames and their differential forms here to establish a consistency of notation, so that this presentation is readily integrable into what is already currently known in the field of differential geometry. The coefficients found in the connection matrices of the moving frames are differential forms, which provide an invaluable resource for characterizing the S 2 paths of the spinor. To illustrate difference between the three moving frames, we consider a unitary of the form,Û (t) = e
In figure D1 (a)(b)(c), the moving frames are shown (for the purposes of comparison) for the S 2 path of the spinor with initial state {θ 0 , φ 0 } = { ...
The differential form is more appropriate for the aims of this article than the Affine connection, as it is a more compact notation. We have included the definition of the Affine Connection at this point to show that the results of this article can be recast in terms of this more familiar (and more commonly used) mathematical object.
The 'Covariant Derivative' of the contravariant and covariant vector components is defined,
The derivative of the vector V is written in terms of the covariant derivative as,
This is an equivalent way of expressing equation (C.3).
The second order derivative of the vector is given by,
Appendix E.1. Contravariant Vector Equation (C.4) for the contravariant vector is expanded as,
Projecting on the right hand side withẋ αẋβ , the above simplifies to equation (C.4). Equivalently the second order derivative of the vector can be written with the order of the covariant derivatives reversed,
The difference between (E.1) and (E.2) is the commutator,
where the Riemannian Curvature Tensor is defined [23, pg 158] ,
Appendix F. Separable and Entangled States
Consider the spinorsΨ A andΨ B , which evolve from their initial states via the unitarieŝ U A andÛ B respectively.
These spinors satisfy the Schrödinger equatioṅ
where the hamiltonian operators are defined
The basis matrices of the SU(4) group are Dirac's gamma matrices. They are given by the tensor product of the SU(2) cayley matrices (2),σ a ⊗σ b , for a, b = 1, i, j, k. * Dirac's gamma matrices are defined: A complete 'quaternion field theory' requires the closed form of
• the SU(4) group -Quantum Field Theory
• the SU(3) group -Quantum Chromodynamics We do not dwell on this point any further suffice to mention one interesting case. Consider the unitarŷ
The related Hamiltonian is given bŷ
The figures in this article are generated using Matlab. I have made the program files available for download on the arXiv server: * https://arxiv.org/format/1601.02569 * Please note there is a minus error in the plots of the intrinsic parameters shown in the figures of this paper. This occurred when I changed from the pauli convention to the cayley convention, and I spotted it at too late a stage to correct. This does not affect the results of the paper. Plus I don't care anymore -it is whatever. I have done my best to correct for all the typos in the text but I am not infallible! Check all my calculations yourself, I may have missed something.
My perspective of the modern academic scientific community -that of an outsider looking in at the publish or perish culture that is the modern norm -I see a neurosis.
"There's all kinds of myths and pseudoscience all over the place. Now, I might be quite wrong maybe they do know all those things, but I don't think I'm wrong, see I have the advantage of having found out how hard it is to get to really know something. How careful you have to be about checking the experiments. How easy it is to make mistakes and fool yourself. I know what it means to know something. And therefore I see how they get their information and I cannot believe that they know it! They haven't done the work necessary, they haven't done the checks necessary, they haven't done the care necessary! I have a great suspicion .... " * -Richard Feynman I know what it means to know something. I know the qubit is a quaternion and I cannot believe -for a hot minute -that anybody who has convinced themselves that the Copenhagen interpretation of the quaternion means something, is going to build a quantum computer. I don't believe in quantum computing. Now, I might be quite wrong maybe they do know all those things, but I don't think I'm wrong.
According to Wikipedia; quantum computers "make direct use of quantummechanical phenomena, such as superposition and entanglement, to perform operations on data." I've already covered the superposition, so let's delve a little into the quantum theory of entanglement. The basis vectors of the entangled state are the tensor products;
These vectors represent the spin states of an entangled pair |ψ A and |ψ B . According to quantum mechanics, the maximally entangled state is described by the bell state.
The theory says that if the composite system is described by |Ψ ± , and particle A is measured in a spin-up state then particle B is in a spin-up state with certainty.
Conversely, if the composite system is |Φ ± and particle A is measured in a spin-up state, then particle B is in a spin-down state with certainty. The probable result of the first measurement being spin-up or spin-down is a 50-50 coin toss, since
Once the spin state of particle A is known, then the spin of particle B is determined with certainty. In order to convert from spin-states to binary information, all that is required is to colour in the kets with a 0 and 1 in place of the arrows. And from this "the quantum theory of entanglement", we are promised a quantum computer. Claims of having built a quantum computer has emerged from different quarters. The story typically changes, we built a quantum computer -it's contested as not being genuine quantum computing -we didn't build a quantum computer, it's a feasible platform.
On May 11, 2011, D-Wave Systems announced D-Wave One, described as "the world's first commercially available quantum computer".
The story has changed quite a bit since then, first it's not a genuine quantum computer, then it's adiabatic quantum computing, then it's a quantum annealer. And nobody knows how it actually works.
The founder of D-Wave describes the D-Wave machine as "an alter to an alien god" * that "exploits parallel universes". We are told to imagine "that there really are parallel universes out there. Now imagine you have 2, that are exactly identical in every respect, ... with only one difference, and that's the value of a little thing called a qubit on this chip. ... In a quantum computer that device can be in a strange situation where these 2 parallel universes have a nexus -a point in space where they overlap -and when you increase the number of these devices, everytime you add one of these qubits you double the number of parallel universes that you have access to. Until such time as you get to a chip like this ...." the D-Wave chip.
Did that make any sense to you ? It certainly didn't make any sense to me. With a sales pitch like that, I am amazed they managed to accumulate a resume of customers that include Lockheed Martin, Google, NASA and the Los Alamos National Laboratory. Absolutely stunned. According to sources "the boys stuck a compoota in a fridge running a gradient descent algorithm and sold it for $20 million! Best swindle ever." † * Geordie Rose -Quantum Computing: Artificial Intelligence Is Here (link) @12:37. † Some might say.
Apparently most people on this planet were born yesterday. I however, was not born yesterday. We have Microsoft, IBM and Google and a host of other companies developing quantum programming platforms + in anticipation of the arrival of the heralded quantum computer. The contradiction is startling. ¶ A programming platform that runs on a classical computer to simulate quantum computing. Oh and by the way, IBM have simulated a 56 qubit quantum computer * . What happened to the quantum-classical border ? Did that just recently disappear ? If I recall correctly quantum mechanics is not compatible with classical mechanics, just like quantum logic is not compatible with Boolean logic. If a quantum computer is the same as a classical computer -what are you even doing ? How long do we have to listen to the quantum mechanics contradict themselves ?
"Nobody knows where the boundary between the classical and quantum domain is situated. More plausible to me is that we will find there is no boundary. This progress is made in spite of the fundamental obscurity in quantum mechanics. The progress .... is made by sleepwalkers, is it wise to shout 'wake up' ? I am not sure that it is. So I speak now in a very low voice." Meanwhile in quantum mechanics, ... Google have set themselves the goal of demonstrating quantum supremacy by the end of 2017 ‡, and the clock is ticking ... An ambitious one to say the least but most welcome, as it is about time a deliverable is met. The history of quantum computing is a never ending series of hype, empty promises and excuses. The trusty old reliable "decoherence" that supposedly destroys the quantum superposition, as the environment is constantly measuring the quantum state. Stick it in a super-cooled vacuum chamber. Still no quantum computer. Then they're blaming the Earth's magnetic field. Stick it in a Faraday cage. Still no quantum computer. Then they're blaming the classical electric current powering the device. Still no quantum computer. The only thing left to do is put the quantum mechanic out of their misery and pull the plug on the whole operation.
We are promised the world and the repeated rhetoric is that the quantum computer will solve humanity's greatest problems, even some we haven't thought of yet! The last time I checked humanity's greatest problems are simple, and can be solved if people would just pay attention. Homelessness and soaring house prices -people are dying on the streets. Why are we paying to use money nowadays? And then there is the garbage pile we are making of the environment, desolation of the animals, land and seas, and the endless creation of non-biodegradable plastics. Marketing and packaging; take, make and throw away. Toxic air, toxic water and toxic minds. "Instead of war on poverty they got a war on drugs" † These are real problems that can be addressed.
Still no quantum computer. It would be fitting -come January 1st 2018 -if and when the deliverables are not met, and we are once again fed more hype, more empty promises and more excuses, that every last drop of funding for the quantum computer is pulled, and reallocated to addressing and resolving some of humanity's social problems. That resources be channeled into doing something that actually matters for once. Something that will make a real difference in people's lives.
Today the human race is breaking world records in a new field -creating and selling garbage. It is happening all across the board and quantum mechanics is no different, where scientific confetti papers are produced at a blundering pace. While it's nice to have a sense of humour about things ‡, I don't find it amusing in the least bit -the situation is now critical.
"I have ran into a brick wall trying to get this article reviewed by the same journal that published the discovery of the hidden variables [10] . Now I stand here questioning the integrity of the scientific process, and the ethics of those authority figures and organisations guarding the gates of modern science. In order for the scientific process to work, and for the field of quantum mechanics to maintain some authenticity, questions and critiques must be given a voice. Otherwise it is no longer a scientific discipline, the whole thing degrades into a cult. My hand is now forced as I have no other option than to declare, on behalf of the quaternion, logic and reason that as of today quantum mechanics is finished as a scientific discipline. * " If you are a quantum mechanic; and are waking up to the reality of what I am saying, your first port of call should not be to turn to the zombie next to you and ask their opinion. That would be an amateur mistake. You will blow your cover immediately. Anyone who knows anything about the zombie apocalypse knows, that if the zombies find out you're not a zombie, they'll come get ya, and turn you back into a zombie. It is a situation easily avoided. Your best maneuver is to get out of dodge asap. Tuck this paper into your back pocket and slip out the back door immediately.
"Plastic fibers in the water and seas" Guardian (link). † Tupac Shakur "Changes" Greatest Hits (1998) (link). The gravitational field vectorĝ and the magnetic field vectorb are expressed in the ijk Earth co-ordinate framê g =σ jb = sin (α)σ i + cos (α)σ j
The "up" direction is the j-axis, and α is the angle between the vectors describing the Earth's gravitational fieldĝ and the Earth's magnetic fieldb.
• The accelerometer readingâ is the earth's gravitational field expressed in the device frame.
• The magnetometer readingm is the earth's magnetic field expressed in the device frame.
The co-ordinate system of the device the device frame, is related to the Earth's coordinate system the earth frame through the transformation,
Q is the unit quaternion expressed in the left-cayley basis,
There are 2 scenarios that are of interest.
• 2 sensors: When both the accelerometer and magnetometer are used, there is a unique quaternion which defines the global coordinates of the device.
• 1 sensor: When only one of the sensors are used, i.e. the accelerometer or magnetometer, then there is an infinite but bounded set of solution quaternions which can be used to describe the global coordinates of the device.
For example, if only the accelerometer is used then the up-down direction is known, but the cardinal directions north-south-east-west remain unknown. Conversely if only the magnetometer is used, then the north-south directions are known while the up-downeast-west directions remain unknown. Using only one inertial measurement unit is similar to the situation when a principle of superposition is applied to a quantum system. In this case the polar angle is the known coordinate, whereas the global and azimuthal angles remain unknown. Specifying only the polar angle corresponds to an infinite but bounded set of unit quaternions, that may be used to describe the quantum particle.
Having an infinite but bounded set of quaternions to define the device's global coordinates, does not mean that the device exists in all possible orientations at the same time until the point of measurement. This is a fallacy of reasoning. The device has only one correct orientation. Similarly, the quantum state expressed as a superposition corresponds to an infinite but bounded set of quaternions. This does not mean that the particle described by the quantum state exists in all possible orientations at the same time until the point of measurement. This is a fallacy of reasoning. The particle has only one correct orientation.
Global coordinates
From (J.1) we obtain the relations a i = 2(q i q j − q 1 q k ) a j = q Expressing the quaternionQ as a rotation matrixR, we immediately resolve for 6 of the 9 components. and the elements q 1 , q i , q j , q k of the quaternion in its standard form Q = q 1σ1 + q iσi + q jσj + q kσk is easily extracted from the above.
Fibrations
"New scientific ideas never spring from a communal body, however organized, but rather from the head of an individually inspired researcher who struggles with his problems in lonely thought and unites all his thought on one single point which is his whole world for the moment." -Max Planck.
and I smoked so many rollies, and I drank so much coffee, and I neglected my body and tortured my soul,
and I struggled as I realised, My Enemy is My Teacher.
And I listened. And I responded.
And I did what I had to do.
And ever-so-slowly, it unfolded before me.
With a pace, and a quickening, and an intensity.
That had an air of inevitability about it.
As it were always going to happen.
As it were written in the stars.
And in that moment, I saw what Hamilton saw.
And I understood why he was so taken by the Quaternion.
And why he dedicated his life to its study and dissemination.
For through his discovery of the Unit Quaternion
Hamilton glimpsed the Mind of the Creator.
And recognised in that instant that all of reality is a Grand Symphony.
Written, in an as-of-yet unknown key.
And that key is, in the most profound way, a play on the number 0.
-Brian O'Sullivan.
